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POSITIVITY OF THE WEIGHTS
OF EXTENDED CLENSHAW-CURTIS QUADRATURE RULES

TAKEMITSU HASEGAWA, HIROSI SUGIURA, AND TATSUO TORII

ABSTRACT. We prove that some extended Clenshaw-Curtis quadrature rules
have all weights positive. We also present extended Filippi rules of open type
having all weights positive. Conjectures on the possibility of other positive
quadrature rules embedded in Clenshaw-Curtis or Filippi rule are suggested.

1. INTRODUCTION

In this paper we shall establish that some integration rules embedded in the
Clenshaw-Curtis rule [4] (henceforth abbreviated to CC rule) proposed in [16]
have all their weights positive. This is important to guarantee the numerical
stability and convergence of the quadrature rules [9, p. 189], [14, p. 335]. For
additional literature on positive quadrature rules, we refer to [1, 3, 5, 7, 11, 12,
20, 21, 22].

The CC rule is an interpolatory integration rule which approximates the in-

tegral Q(f) = [, f(x)dx by

1 N "
(L1) v = [ In(fi 0 dx = 3 wwisf Cow),
-1 i=0
where Ly(f; x) denotes the unique polynomial of degree less than or equal to
N interpolating a given smooth function f(x) at N+ 1 points xy;:

(1.2) Ly(f; xni) = f(xni), 0<i<N.

The double prime in (1.1) denotes the summation where the first and last terms
are halved.

The abscissae xy; = cos(ni/N), 0 < i < N, are the zeros of an auxiliary
polynomial wy4;(x) of degree N + 1 defined by

(1.3) On+1(X) = Tygr(x) = Ty-1(x) = 2(x* = 1) Uy—y(x).

In (1.3), Tx(x) and U,(x) denote the Chebyshev polynomials of the first and
second kinds, respectively, and are given by T(x) = coskf and Ui(x) =
sin(k + 1)0/sinf (x = cos @) . If the function f(x) is sufficiently smooth, the
approximation Qn(f) (1.1) converges rapidly as N increases.
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From (1.2) and (1.3) we have the Lagrange form for Ly(f; x),

N
(1.4) La(f;%) =Y vilx) fxi).
i=0

where /y;(x) is the polynomial

N
e Wn+1(x) 2 -
(19) i) = e e ~ W Ton) Te), 0N,
eg=1 (1 <i<N), e =ey =2, and wy,(x) denotes the derivative of
wp+1(x) . For the derivation of the second equality above, see [4, 16].

Imhof [18] proved that the weights wy; = f_ll Iyi(x)dx in (1.1) are all
positive. Furthermore, it is well known that the sequence { Qn(f)} of the
quadrature rules can be generated recursively by doubling N and efficiently by
using the Fast Fourier Transform (FFT) [2, 13, 24]. In [16] we showed that
it is possible to increase N more slowly than doubling, thereby enhancing the
economy of an automatic quadrature [6, p. 418] without sacrificing the accuracy.
To be specific, the sequence of N is
(1.6) N=6,8,10,...,3x2",4x2" 5x2" ..., n=1,2,...,
and the abscissae for Qn(f) are chosen so that the sequence { Qn(f) } is an
embedded sequence [23], i.e., all points used in a rule of degree N are included
in the set of points for the succeeding rules of degree greater than N .

We now consider a family of generalized sequences including (1.6). From
now on let N be an even integer of the form N =2"K (n=1,2,...), where
K € N, the set of positive integers, unless otherwise stated. Then, our sequences
consist of 3N, 4N, 5N, that is,

6K, 8K, 10K, ...,3x2"K, 4x2"K, 5x2"K,..., n=1,2,..., KeN,
where the case K = 1, in particular, coincides with the sequence (1.6). Conse-
quently, the sequences of quadrature rules are of the form { Qs3x, Qan, Qs },

or equivalently { Q4n, Qsn, Q3x2n }-
For integers m = 1, 2, define polynomials fo, y(x) of degree mN by

(1.7) Qv (x) = Tun(x) — cos{(2 + 1)mn /8}, m=1,2.
Let Qan(f), Qu+mn(f) (m =1, 2) denote extended CC rules whose abscissae

are zeros of w4n+1(x) and of wany1(x)Q; y(x), respectively. Then, Qun(f)
is a CC rule, and for Qu.mn(f) we will prove in §2 the following theorem.

Theorem 1.1. For integers m =1, 2, let tyy j, 0< j<mN -1, be the zeros
of QF v(x) (1.7), that is,

(1.8) tmn,j =cos{2n(j +3m/16)/(mN)}, 0<j<mN-1.

Then, the weights wft']s)’,- and umy,; of the extended CC rules Quimn(f) of
degree (4+m)N, m =1, 2, of closed type, given by

4N mN—1
1
(1.9) Quimn(f) = E w‘(;';),;f(xw,i) + E Umn,j f(tmn,j), m=1,2,
i=0 Jj=0

In the first draft we assumed that N is a power of 2, but the referee suggested to us that N
is allowed to take every even positive integer in proving Theorems 1.1 and 1.2 below.
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are all positive, where x4y ; = cos{ni/(4N)}, 0 < i < 4N, are the zeros of
wan+1(X) defined by (1.3). For the case m = 2, the integer N can be allowed
to be any positive integer, even or not.

For the expressions of w‘(t'](',), ; and u,y ;, see (2.2) and (2.3), respectively.

Remark. Theorem 1.1 holds only under the assumption that mN (m =1, 2)
are even; it does not hold when mN (m =1, 2) are odd.

The rule Qsy(f) of degree 5N is embedded in Qgn(f), which is also an
embedded rule in the CC rule Qgn(f) based on the zeros of wgy,1(x). This
is easily seen from the relations (see Lemma 4.1 and (2.4) in [15]):

(1.10) wgn+1(X) = 2 wani1(x) Tan(x),
(1.11) Tan(x) = 2Q5(x) Q35 (x),
(1.12) Q3 (x) =2Q%(x) {Tn(x) + cos3m/8}.

Omitting the endpoints x = 1 and x = —1 in the N+ 1 abscissae of the CC
rule, namely using the zeros of Uy_;(x) as the abscissae, Filippi [10] proposed
a quadrature rule of open type, having all positive weights. Let Q;N_z( f) and
é(4+m) ~N—2(f), m = 1,2, denote extended Filippi rules of open type whose
abscissae are the zeros of Usy_i(x) and those of Usy_i(x)Q, y(x), respec-
tively. Then ém_z( f) is the Filippi rule and in §3 we will prove the following
theorem.

Theorem 1.2. For integers m = 1,2 let Ty j, 0 < j < mN — 1, denote the
zeros of Q, n(x) (1.7), that is,

(1.13) Tmn,j = cos{2n(j +m/16)/(mN)}.

Then, the weights ”‘Yz'\'r),i and ny,y,; of the extended Filippi rules é(4+m)N_2( f
of degree (4 + m)N — 2 of open type, given by
4N-1

Quimn—2(f)= Y vin)  f(xan i)

i=1
mN—1

+ Z N, j S (Tmn,j) 5 m=1,2,
Jj=0

(1.14)

are all positive, where x4y ; (1 < i < 4N — 1) are the same as those used in
(1.9) except for xan,o (= 1) and Xsn an (= —1). For the case m = 2, the
integer N can be allowed to be any positive integer.

Remark. Theorem 1.2 holds only under the assumption that mN (m =1, 2)
are even; it does not hold when mN (m =1, 2) are odd.
If we note (1.3), (1.10), (1.11), and the relation

(1.15) Q5 (x) = 2Q5(x) {Tw(x) + cos /8},

we can see thzit QsN_z( f) is an embedded rule in éGN—Z( f), which is also
embedded in Qgy_,(f) based on the 8N —1 abscissae, the zeros of Usy_;(x).
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In §4 we conclude by suggesting a conjecture on the possibility of some other
rules having positive weights.

2. PROOF OF THEOREM 1.1

Let Ligymn(f; x) (m =1, 2) denote the unique polynomial of degree less
than or equal to (4+ m)N that coincides with f at the 4N + 1 points X4y,
0<i<4N,and mN points ¢,y,j, 0<j<mN—1,in (1.8). Then we have
the Lagrange interpolation formula for Luymyn(f; X):

Q+
Latmyn(f5 X) Z lan ,i(x) Q+1:,"(A;2N) )f(x4N,i)
mN—1 mN(X)

(2.1) S
Jj=0

W4n11(X)
¢ ——— t .
W4n+1(tmN ,j) Sltmn )

X —tmn, ;) Qv (tmn, )

m=1,2,

where 4y ;(x) is given by (1.5). Integrating L(4+m ~(f; x) on the range
[—1, 1] yields the integration rule Quimn(f) = f_ Luwmyn(f; x)dx in (1.9),

where the weights wf,’,';)’i and un,y,; are given by

QF o(x) .
2.2 wim = / l mNY _dx, 0<i<4N,
( ) 4N, | 4N, 1 Q;N(X4N 1) SIS
Qr v(x) W4n+1(X)
u mN . dx,
(23) mN.J = /;1 (x_tmN,j) mN(tmN,j) w4N+l(tmN,j)

0<j<mN-1, m=1,2.

2.1. Positivity of w, N)l First, we prove that the weights w4 N ,0<i<4N,

in (1.9) and given by (2 2) are all positive for the case m =1.

Lemma 2.1. Let lyy i(x) and Q}(x) be the polynomials defined by (1.5) and
(1.7), respectively. Then we have

aN
n

4N law,i(x) Qp(x) = 2Q% (xan, ) Y Te(xan, i) Te(x)

k=0

(2.4) N
+ 3 Tanek(Xan, ) {Taner(X) = Tan—i(X)},
k=0

0<i<4N,

where x4y ; are the zeros of wanyi1(x) (1.3).
Proof. Using the relation

(2.5) 2Ti(x) Ta(X) = Tieyn(x) + Tik—p(x),  k,n20,



CLENSHAW-CURTIS QUADRATURE RULES 723

from (1.5) and (1.7) we have

4N gy i(x) Q}(x)
4N

=2 E Ti(xan i) Tre(x) {Tw(x) — cos 3m/8}
k=0

4N
g =5 Tebion,) (Twiela) + Tiv-u(x) =2 cos(3a/8) T}
. k=0

4N
= }:”{TN+k(x4N,i) + T|N—k|(x4N,i) -2 COS(37I/8) Tk(X4N,,')}Tk(X)
k=0

n
+ Z {Tsnir(xan, i) Tani(X) — Tansk(Xan, i) Tani(X)}.
k=0

If we again use (2.5) on the far right of (2.6) and note that
(2.7) Tsn—k(Xan,i) = Ti(Xan i), 0<k<8N,

it is easy to verify (2.4). O
Substituting (2.4) into (2.2) yields the expression for the weights wﬂ&, i

n T X
28 aNufl, =23 Tutsuw o Z b (),
=0 4N, 1)

where u(k) and ¢y (k) are defined by

! 2/(1 —k?) ifk=even,
@9 = nmax={ e h o
(2.10) on(k) = w(AN + k) — (4N — k),  k >0.
For real x > 2, let u(x) be defined by
(2.11) u(x)=2/(1-x%), x>2,

instead of (2.9) and let ¢n(x) be defined by (2.10) with u(x) given by (2.11).
Then u(x) is negative and monotone increasing for x > 2 and ¢n(x) is also a
monotone increasing function of x when 0 < x < N. We will take advantage
of these properties in proving the positivity of weights of our extended CC rules.

Lemma 2.2. Let x4y ,;, 0 <i < 4N, be the zeros of wani1(x) (1.3) and Qf(x)
be defined by (1.7). Then we have
{(2Q%(xan, )} " = Tw(xan, i) + 2 cos(3n/8) Ton(Xan i)

+ (1 + 2 cos 37!/4) T3N(X4N,,')

+ 2 cos(3n/4) cos(3n/8) Tun(Xan i),

0<i<4N.

Proof. From (1.11) and (1.12) and the relation {Tyn(xan ;)}> =1 for 0 < i<
4N , it follows that

(2.13)  1/Q%(xan,i) = 4{Tn(x4n,:) + cos3m/8} Qy (Xan i) Tan(Xan,i)-

(2.12)
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In (2.13), using (2.5), (2.7) and the relation Q;, (x) = Ton(x)+cos(3n/4) (see
(1.7)) establishes (2.12). O
Theorem 2.3. Let wix’i, 0 < i < 4N, denote the weights given by (1.9) and
u(k) and ¢n(k) be defined by (2.9) and (2.10), respectively. Define Ay;(k),
0<I<3, by
Ano(k) =2u(k) + (1 +2cos3n/4) pn(k)

+ 4cos(3n/4) cos(3n/8) pn(N ~ k),

Ani1(k) =2u(N + k) + 2cos(3n/8) dn(k)
+ (1 +2cos3n/4) pn(N — k),

(2.14)

(2.15)

(2.16) Ana(k) =2u(2N + k) + ¢n(k) + 2cos(3n/8) pn(N — k),
(2.17) An3(k) =2u(3N + k) + on(N - k), 0<k<N.
Then we have

N 3
1 " .
(218)  wiy, =g Y, O AnK) Tive(xan,i),  0<i<4N,
k=0 [=0

and Ayi(k), 0 <1< 3, are all negative except for Ayo(0).

Proof. Using (2.5), (2.7) and (2.12) in (2.8) establishes (2.18). We make use of
the fact that u(k) < 0 for k > 0 and ¢n(k) >0 (0 <k < N) to show that
Ani(k) (0<1<3, 0<k<N) are negative except for Ayo(0). Noting that
the coefficients of ¢n(k) and ¢n(N — k) in (2.14) are both negative, we can
see that Ayg(k) <0 (0 <k < N). It can be easily seen from (2.10) and (2.17)
that Ay3(k) = u(BN+k)+u(SN-k) <0 (0<k < N). If we note in (2.15)
that u(N + k) — cos(37/8) u(4N — k) is negative for 0 < k < N, we can see
that Ay(k) <0 (0 <k < N). To verify that Ay,(k) < 0, it suffices to use in
(2.16) the definitions (2.9) and (2.10) and the relation

2u(2N + k) —2 cos(3n/8) u(3N + k) — u(4N - k)
<{2-2cos(3n/8) - 1} u(3N) <0, O0<k<N. O

Noting that Tj(xsy,;) <1, 1 <i<4N -1, and Tj(x4n,0) =1, we have
from Theorem 2.3 that

N 3
aNwl >SS Ak
k=0 I=0
X 3n 3n aly
=2kz_(:) u(k) + 4 (1+cos7) (1+cos—8—) kzz(j) én(k) >0,

where, in the last inequality above, we have used the relation
4N

(2.19) 3" ulk) = 4 N/{(4N)2 - 1} > 0.
k=0

Thus, wm’i , 0 < i < 4N, have been verified to be all positive. Verification

of the positivity of wg& ; (0<i<4N) can be accomplished similarly, in fact

more easily, but we omit the details.
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2.2. Positivity of u,n ;. We begin by proving that the weights u,n j, 0 <
J < N-1,in (1.9) and given by (2.3) are all positive when m = 1. It is similar
and more easy to prove the positivity of uyy ;j, 0 < j < 2N —1, but we omit
the details.

Lemma 2.4. Let Q}(x) be the polynomial defined by (1.7) and ty;j, 0 < j <
N — 1, be the zeros of Q% (x), given by (1.8). Then we have

Qy(x)

(2.20)
— tn;j

N
"

=2 Z Tn_i(tnj) U—1(x),
k=0

where we define U_(x) =

Proof. From the assumption, it follows that

Q"'A}(X) _ Q}\}(X) — QXr(th) _ TN(X) - TN(IN_,')
—InNj X — INj X — INj ’

Elliott [8] gives the identity

(2.21)

n

(222)  Tu(x)-Tu(y N Y T U, n20.
k=0

Using (2.22) in (2.21) establishes (2.20). O
Lemma 2.5. For the weights uyj, 0 < j < N, given by (1.9) and (2.3), we have

N sin(37/8) uy; = Z Tn-i(tn)) on(k)

(2.23) N/2

= Z" cos(2k éy;) dn(N — 2k),
k=0

where ¢n (k) is given by (2.10) and &y; is defined by

(2.24) tyj=coslyj, ¢nj=2m(j+3/16)/N, 0<j<N-1.
Proof. From (1.3) and the definition of Ui (x) it follows that

(2.25) Wan+1(X) Ug—1(X) = Tyn 1 (x) = Tjan - (x)-
From (1.8), (2.25) and the relation
(2.26) Qy'(x) = N Uy_y(x)
we have
QY (tn)) wans1(tnj) = N{Tsn(tn,) — Tan(tn))}
(2.27) =—2Nsin37n sin 3?7z—2N 'n%

Using (2.20), (2.25) and (2.27) in (2.3) and noting (2.9) and (2.10) establishes
(2.23). O

The Poisson Summation formula [17, p. 270], [19] is helpful in proving that
uy; >0 when 0<j<N.
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Lemma 2.6 (Poisson summation formula). Let w(x) be an integrable function
defined on the real positive line and ¥(w) be the Fourier cosine transform of

y(x),

(2.28) ¥Y(w) = / w(x)coswxdx.
0
Then for any positive { and real x we have the formula
(229 S{HKC+x) +¥K -0} =23y (@> cos (2”"") :
k=0 ¢ k=0 ¢ ¢

where the prime denotes the summation whose first term is halved.
Define y(x) by
(2.30)  w(x)=¢n(N —2x)=2/{1 — (5N —2x)?} —2/{1 — (3N +2x)%}

for 0 < x < N/2, and by w(x) = 0 otherwise. Then, making use of the
formula (2.29) in (2.23), we have

NJ2 0
Nsin(3n/8)un; = Z cos(2kéyj) w(k) = Z cos(2k &nj) w(k)
k=0 k=0
(2.31) o
= {®(2nk +2&y)) + D27k — 2En;))}
k=0
0<j<N-1,
where ®(w) is given by
NJ2
(2.32) P(w) = dN(N —2x)coswxdx.
0

In order to prove that uy; > 0 in (2.31), it suffices to show that ®(w) > 0
for any real w. From (2.30), ¢n(x) is found to be an odd function and can
be expanded as follows:

¢n(x) =2/{1 = (4N +x)*} = 2/{1 - (4N - x)*}

— _1)2 _ 21 2 _ 2
233 =2x/{(4N - 1)2 = x2} = 2x/{(4N + 1)? — x%}

o0
=2Zc1x1, 0<x<N,
=1

where ¢; for odd / is defined by

and ¢; vanishes when / is an even integer. Substituting the expansion (2.33)
into the right-hand side of (2.32) gives

(2.35) D(w) =2 6 (w),
=1
where ©,(w) is defined by

NJ2
(2.36) 81(w)=/ (N=2x) coswxdx, [>1.
0
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It remains to show that 6;(w) is positive, since then ®(w) is positive by (2.34)
and (2.35).

To this end, we define p(x) = N — 2|x| when |x| < N/2, and p(x) =0
otherwise. Then ©,;(w) (2.36) can be rewritten as

8,(w) = / (P} e dx
I
=710, %0 x---xO(w), [>1,

where g * h(w) denotes convolution defined by

g*h(w)=/oo g(w~1t)h(t)dt.

—00

(2.37)

Since 8;(w) = 2{1—-cos(wN/2)}/w? > 0, it follows from (2.37) that ©,(w) > 0
for [ >2.

3. PROOF OF THEOREM 1.2

Let Ay;(x) be defined by
Uy-1(x) -
3.1 hni(x) = , I<i<N-1,
(3-1) wil) (x = xni) Uy _y (Xni)
where xy;, 1 <i< N—-l are the zeros of Uy_(x) (= 2coN+1(x)/(x2 -1)).

Then for the weights 114N ; and 7,y ; of the quadrature rules Q(4+,,,)N 20)
(1.14), we have, similarly to (2.2) and (2.3),

Q- (x) .
3.2 v / han i(x mN dx, 1<i<4N -1,
( ) 4N i 4N ,i )Q;,N(x4N t)

- / Q, y(x) U (x) dx
mN.T = ] (x — T, ;) Un(Tmn, i) Usv—i(Tmn,j)

0<j<mN-1, m=1,2.

(3.3)

We remark that by using Ay;(x) (3.1), the Filippi rule [10] QN_z( f) based on
the points xy;, 1 <i < N —1, can be written as

(3.4) On-a(f) = /_ hwi(x) dx f(xni)-

3.1. Positivity of 114','5), Here we prove that ”41v ;» 1<i<4N-1 (3.2), are

all positive. The positivity of v(z) ., 1 <i<4N -1, is more easily verified,
but we omit the details.
Filippi (see [10, equation (11)]) shows that A4y ;(x) in (3.1) and (3.4) can
be expressed as follows:
4N-2
4N hay i(x) =2(1 = X3y ;) D Uk(xan,i) Ur(x)
k=0
(3.3) 4N-1
= Y {Tio1(xan,i) = T (Xan, i)} Uko1 (%)
k=1
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Using (2.7) and the relation
(3.6) Ur(x) = Ug—2(x) = 2 Tie(x),

where we define U_i(x) = —Ui_3(x), and T_,(x) = Ty(x) for kK > 0, we
have from (3.5)

4N
"
4N hay,i(x) =2 Z Ti(xan,i) Ti(x) = Tan—1(xan, i) Usn—1(x)
k=0
— Tyn(xan,i) {Uan(x) + Usn—2(x)}/2.
Further, similarly as in the proof of Lemma 2.1, we have
4N

2Q5(x) Z” Ty (xan i) Tie(x)
k=0

(3.7)

~ 4N "
= ZQN(X4N,;') Z Tk(x4N,i) Tk(x)
k=0

N
n
+ 3 Tayi(Xan, ) {Taner(X) — Tan—i (%)},
k=0
1<i<4N-1.

Lemma 3.1. For the weights v‘(‘;\),’ ; given by (3.2) of the quadrature rule (1.14),
we have

h " i n T (X )
ANV ;=23 Telxan ) pk) + 37 —0EF =0 gy (k)
(3.9) k=0 = Sy(xan,i)

_ Tin(xan,i) | By
Qp(Xan, i) ’

where u(k) and ¢n(k) are defined by (2.9) and (2.10), respectively. In (3.9),
By is a constant defined by

(3.10) By = {v(5N) + v(3N) — 2 cos(n/8) v(4N)}/2,
and v(n) is defined by

1
v(n) = % /—1 {Un(x) + Up—a(x)} dx
B { l/(n+1)+1/(n—1) ifn=even,
1o ifn = odd.

Proof. Using (1.7), (3.7) and (3.8) in (3.2) and noting that f_'l U(x)dx =0
for £ odd, and

(3.12) 2T1(x) Un(x) = Upem(x) + Up—i(X),

we can easily verify (3.9). O

(3.11)

We remark that By in (3.10) is positive. The following lemma is established
along the lines of the proof of Lemma 2.2.
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Lemma 3.2. Let x4y, ;, 1 <i<4N —1, be the zeros of Usn—1(x) and Qy(x)
be defined by (1.7). Then we have
{2Qy(xan, i)} ' = Tn(xan,i) + 2 cos(n/8) Ton(Xan i)
+ (1 +2 COS7I/4) T3N(.X4N’,‘)
+2 cos(m/4) cos(n/8) Tan(Xan, i),
1<i<4N -1.

(3.13)

Theorem 3.3. Let 'vf,}}’,., 1 < i < 4N -1, denote the weights in (1.14) and
u(k), ¢n(k) and the constant By be defined by (2.9), (2.10), and (3.10), re-
spectively. Let An;(k), 0 <1 < 3, denote the constants given by (2.14)-(2.17)
with cos3n/4 and cos3n/8 replaced by cosm/4 and cosm/8, respectively.

Then we have

3
1 1 7
Vin.i = I I; ,Zo Awi (k) Tov ok (Xen )

1 Tun(Xan,i) By .
- AMVAN, DN 0<i<4N,
4N Qu(xan,i) -

(3.14)

and Ayi(k), 0<1<3, are all negative except for Ano(0).

Proof. Verification of (3.14) is accomplished along the lines of the proof of
Theorem 2.3. We have already verified in the proof of Theorem 2.3 that
An3(k) < 0. We make use of the fact that u(k) and ¢n(k) vanish when
k is odd and are monotone increasing functions for even integers k satisfying
2 < k < N to show that

Ano(k) =2 u(k) + (1+2 cosn/4)pn(k) + 4 cos(n/4) cos(n/8) pn(N — k)
<2u(N)+con(N)
=2u(N)—cu(3N)+cu(SN), 2<k<N,
where we put ¢ = 1+2 cos(n/4) (142 cosn/8) = 5.027... . It is easy to verify

that 2u(N) —cu(3N) < 0 for N > 2. Thus, it is seen that Ayo(k) < O for
2 <k < N because u(k) <0 for k > 2. Similarly, we have

Ani(k) =2 u(N + k) + 2 cos(n/8) ¢n(k) + (1 + 2 cosm/4) pn(N — k)
<2u(2N)+bén(N) <O, 0<k<N,

where we have put b =1+ 2(cosn/4 +cosn/8) =4.261....

Next, we show that Ay,(k) < 0 for 0 < k < N. We can write Ayz(k) in
the form

Ana(k) =2 (2N + k) + 2 cos(n/8) pn(N — k) + ¢n(k)
(3.15) =2{u(2N + k) —cos(n/8) u(3N + k)} + u(4N + k)
+ {2 cos(m/8) u(SN — k) — u(4N — k)}.

It is trivial that the first and second terms on the far right of (3.15) are negative.

Close inspection reveals that the third term is also negative. Thus we have that
A N2(k) <0. O
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Noting that Tj(x4n,;) <1, 1 <i<4N-1,and Tj(xsn,0) =1, from (3.13)
and Theorem 3.3 we have

(3.16)

N 3
4Nv§}3’,~ > Z”Z Apni(k) — 4 By (1 +cos%) (1 + cos %)
k=0 1=0

4N N
! n T "
=2k2=% u(k) + 4 (1+COSZ) (1+cos§) {,; ¢N(k)—BN},

Using the relation (2.19), that is,

4N "
2 k) =v(4N),
k=0

and

N
(3.17) 2 ¥ ¢n(k) = v(3N) + v(5N) — 20 (4N),
k=0

we have from (3.10) and (3.16)

(3.18)
(1 T n T_ -
4Nvsy ;>V(4N) +4 (1 + cos 4) (1 + cos 8) (cos 3 1) v(4N) =0.
Thus, the weights ”52, ; 1<i<4N -1, are all positive. O

3.2. Positivity of #7,,n ;. We prove that the weights ny;, 0 < j < N -1,
in (1.14) are all positive. It is similar and more easy to verify the positivity of
mn,j (0<j<2N—1), but we omit details.

Lemma 3.4. Let Qj(x) be the polynomial defined by (1.7) and tnj, 0 < j <
N — 1, be the zeros of Qj(x) given by (1.13). Then we have

Qy(x)

N
n

=2 Uy_1-r(tnj) Ti(X).

X —tx; ,; N—1-k(Tnj) Ti(x)

Proof. Identity (3.19) is established along the lines of the proof of Lem-

ma24. O

(3.19)

Lemma 3.5. For the weights ny; in (1.14) and (3.3), we have

N
(3.20) Nsin(n/8) nyj =By — Y Tny_i(tnj)én(k), O0<j<N-1,
k=0

where By is given by (3.10).
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Proof. Using (3.12) and (3.19), we have
Usn-1(x) Qy(x)

2(th,; - 1) T,
N n
=3 {Twsr-.(tny) = Tno1-x(onj) } {Uswak—1(x) + Usw—i-1(x)}
(3.21) ,'ﬁol
= 3" Ty (ow)) {Uaw i) + Usn——2(x)}
k=—1
N+l"
- Z Tk (tnj) {Usn—k (%) + Usy1k—2(x) }.
k=1

On the other hand, using (1.13), (2.25) and (2.26), we have
2(tx; — 1) Usn—1(tn)) Q' (tv)) = N @an+1(Tn;) Un—1(Tn;))
= N{Tsn(tnj) — T3n(Tn;j)} = —2 N sin(n/8).
Substituting (3.21) and (3.22) into (3.3) and using (3.6) yields (3.20). O

From (3.10), (3.17) and (3.20) and the fact that the ¢ (k) are positive, we
have

(3.22)

N
N sin(z/8)ny; > By - 3 éw (k)
k=0
—2{1 —cos(n/8)} (4N) >0, O0<j<N-—1.

Thus, the weights ny;, 0 < j < N —1, are all positive. O

4. CONJECTURE ON THE POSSIBILITY OF OTHER POSITIVE QUADRATURE RULES

Before we give some conjectures on the possibility of other extended CC
rules having all positive weights, we briefly review the sequence of uniform
distribution on (0, 1) [15, 16].

Let any positive integer / be written in radix-2 notation as
(4.1) l=lplp_y- bl =L +h24 - +1,-2m",

where m = [log,/]+1, ;=0 or1 (1 <i<m-1), and always [, = 1.
Define fractions f; and «o; by
(42 B=L-27' 4L 224y 27 27 27

and a; = f;— 27™. Then f;, (and ;) can be seen to satisfy the recurrence
relations

(4.3) Bu=pBi/2, PBoyr=Bu+1/2, 121,
with the starting value g, = 3/4 (and a; =1/4).

The sequence {B; — 27!=™} is the so-called Van der Corput sequence [15],
which is uniformly distributed on (0,1), so that the sequence {f;} and {«;}
are also uniformly distributed on (0, 1).

Defining f_; =0 and Sy = 1/2, we use two sets, {cos2nf;} (—1<i<]/)
and {cos2me;} (1 <i <), as the sample points for interpolatory integration
rules of closed type and open type, respectively.



732 TAKEMITSU HASEGAWA, HIROSI SUGIURA, AND TATSUO TORII

Lemma 4.1. Let N be a power of 2, N = 2", and put x;, = cos2nay (or
cos 2n By). Then for a positive integer | we have

N-1
2V T (e = x0) = Unoa(x), Byv-1=1-anp,
k=1

N-1
VT (x = Xiwvak) = Tw(x) = X1, an—1=1-Bup.

k=0

Corollary. For N=2", n=1,2, ..., we have
N-1

2V T (x = cos2mBy) = Tyr1(x) — Tv—1(x) = Oy (%)
k=—1
Remark. Lemma 4.1 and its Corollary indicate that the set of the first 2" +
(2" — 1) sample points {cos2znf;}, —1 <1< 2" -1 ({cos2mey}, 1 <!
2" — 1), coincides with that used in the CC rule (Filippi rule).
Numerical tests suggest the following conjectures.

Conjecture 1. Let the integers N and M be powers of 2 such that N = 2" and
M =2" where 1 <m < n-1 for n > 2. Then the interpolatory integration
rules of degree N+M of closed type based on the set of sample points {cos2nf,},
—1<I< N+ M -1, have all positive weights.

We note [15, 16] that the set of the first N+ M +1 sample points {cos2nf;},
—-1</< N+ M -1, coincides with the zeros of the polynomial

{Tns1(x) = Tn—1(x)} {Tpm(x) —cos3nM/(2N)}.

In §2 we have verified special cases of Conjecture 1, namely the cases M = N/2
and M = N/4.

Conjecture 2. Let the integers N and M be powers of 2 such that N = 2" and
M =2", where 1 <m < n-2 for n >3. Then the interpolatory integration

rules of degree N—M of closed type based on the set of sample points {cos2np,},
—1< 1< N-M -1, have all positive weights.

Remark. The set of sample points {cos2nf;}, —1 </ < N—M -1, coincides
with the zeros of the polynomial

{Tns1(x) = Tn-1(x)}/{Th(x) — cosmM/N}.

Conjecture 3. Under the same assumption as in Conjecture 1, the interpolatory
integration rules of degree N + M — 2 of open type based on the set of sample
points {cos2na;}, 1 <1< N+ M —1, have all positive weights.

Remark. The set of sample points {cos2ne}, 1 <!/ < N+ M — 1, coincides
with the zeros of the polynomial

Un—1(x) {Tap(x) — cosntM/(2N)}.

In §3 we have verified special cases of Conjecture 3, namely the cases M = N/2
and M = N/4.

Some numerical experiments disprove a conjecture on the open-type quadra-
ture analogous to Conjecture 2 for closed-type rules. Specifically, the set of
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le points {cos2ma;}, 1 </ <2"—-2"—1, where 1 <m < n-2, may
no positive quadrature rule of open type.
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